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A primitive element of the Galois ring GR(p”, m) is an element of the group U 
of units whose order is the exponent of Ii. We show that, for almost all odd prime 
powers p” where c divides pm - 1, if f is a polynomial over GR(p”, m) satisfying 
certain conditions, then there is a primitive element y  in the ring such that f(y) is 
a cth power. We also show that for almost all Galois rings, if . f  satisfies certain 
conditions then I is a primitive element for some a in the ring. These theorems 
are generalizations of Madden’s results on primitive elements in finite fields. 
cc’ 1992 Academic Press, Inc. 
A primitive element of a finite field is a generator of its multiplicative 
group. In this paper we generalize a result of Madden [S] from finite fields 
to Galois rings. Madden’s result is the following: let c and d be positive 
integers. In almost all finite fields GF(q) where c divides q - 1, for each 
square-free polynomial f of degree d or less with f(0) # 0, there exists a 
primitive element GL of GF(q) such that f(a) is a cth power in GF(q). This 
in turn was a generalization of an earlier paper [6] in which Madden and 
VClez established the existence, in almost every finite field, of a primitive 
element c( such that - (~1~ + o! + 1) is a square in the field. The Madden and 
Velez work provided a necessary condition to Alspach, Heinrich, and 
Rosenfeld [l], who used it in their decomposition of a particular graph of 
p’ vertices, where p is prime. 
A Galois ring is a finite extension of the ring of integers modulo p”, 
where p is a prime number, Let GR( p”, m) denote the Galois ring of order 
172 
0022-314x/92 $5.00 
CopyrIght 10 1992 by Academic Press, Inc. 
All rights of reproductmn in any form reserved 
PRIMITIVE ELEMENTS 173 
p”” where p is odd; when n = 1, GR( p, m) is the finite field GF( p”). Let U 
denote the group of units of the ring GR( p”, m) and q = p”. Then (see [7]) 
U is the direct product of cyclic groups G, H,, . . . . H,,,, where G has order 
q - 1 and all the groups Hi have order p”- ‘. Thus 1 UI = (p” - 1 )( P+‘)~ = 
(q - 1) q”-‘. We also see that the exponent of U is (q - 1) p”- ‘. Elements 
of U whose order is the exponent of U are called “primitive.” 
LEMMA 1. Let F(x, y) be a polynomial with coefficients in the ring 
GR( p”, m). Assume (a, b) is a solution of the equation F(x, y) = 0 over the 
ring. Let L = L(a, 6) denote the set of pairs (A, B) in GR(p”+‘, m) x 
GR( p”+ ‘, m) such that A = a (mod p”), B = b (mod p”), and F(A, B) = 0 
over GR( p”+ ‘, m). 
(a) Assume D,F(a, b) f 0 (mod p) and D,F(a, b) f 0 (mod p). 
Then JL[ = q and there exists a permutation J over the field GF(q) so that 
(b) Assume D,F(a, 6) = 0 (mod p) and D,F(a, 6) f 0 (mod p). Then 
IL1 = q and there exists a unique element B* in GF(q) so that 
(c) Assume D,F(a, b) f 0 (mod p) and D,F(a, b)=O (mod p). Then 
IL/ =q and there exists a unique element A* in GF(q) so that 
L= {(a, b)+(A*, w)p”: wEGF(q)}. 
(d) Assume D,F(a, 6)sD,,F(a, b) r0 (mod p). Then we have two 
possibilities : 
(d.1) ifF(a, b)=O over GR(p”“,m) then JLJ =q2 and 
L={(a,b)+(w,,w,)p”:w,,w,~GF(q)}; 
(d.2) ifF(a, b)#O over GR(p”“, m) then IL) =O. 
Proof: Assume F(a, 6) = 0 over GR(p”, m) and let (A, B) = 
(a + w, p”, b + w2 p”) where w,, wq E GR(p”+ ‘, m). Then by Taylor’s for- 
mula, 
F(A, B) = F(a, b) + D,F(a, b) w1 p” + D,,F(a, b) wI p” 
over the ring GR(p”+ I, m). Further, since F(a, b) = 0 over GR( p”, m), we 
have 
F(A, B)=[k+D,F(a,b)w,+D,,F(a,b)w,]p” 
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for some li in GR(pn+ ‘, m). Therefore, F(A, B) = 0 over GR( p”+ ‘, m) if 
and only if k + D,F(a, b)w, + D,.F(u, b)w2 = 0 over the field GF(q). 
(a) If D,F(a, b) #O and D,.F(a, h) #O over GF(q), then for each IV, 
in GF(q) we have a unique M‘? in GF(q) so that k+D,F(a, b)w, + 
D,. F(u, b) w2 = 0 over GF( q). 
(b) If D.,F(a, h) = 0 and D, F(a, b) # 0 over GF(q), then there exists 
a unique w2 in GF(q) so that k + D,.F(u, b)~‘~ = 0 for all wr in GF(q). 
(c) D,F(a,h)#O and D,.F(a,6)=0: similar to (b). 
(d) If D.,F(a, b) =D.,.F(u, h) =0 over GF(q), then we must have 
k = 0. and the result follows. 
COROLLARY. With notation us in Lemma 1, and with F denoting the 
reduction of F mod p, ifVF(a, b) # (0,O) then IL\ = q. 
LEMMA 2 (Madden). Let 1 and d be two fixed natural numbers with 
If 1. For all but finitely many integers q, there exist integers s and t such 
that 
(i) s and t are relatively prime and squarefree, 
(ii) the primes that divide q - 1 are exactly the primes that divide st, 
and 
(iii) d(t)/t>((l-l)/l)(l+(ds-l)q/(q-1)+2/(q-1)). 
Proof See [5, p. 5111. 
We now come to our main result. 
THEOREM 3. Let c be a positive integer. For all but finitely many odd 
prime powers q = pm, where c divides pm - 1, the following statement holds: 
if f(x) is a polynomial with coefficients in GR( p”, m) so that f(x) is square- 
free and f(x) # 0 for all x in the field GF(p”), then there exists a primitive 
element y in GR(p”, m) such that f(y) is a cth power in GR(p”, m), 
Proof. As noted above, the group U of units of GR(p”, m) is the direct 
product of cyclic subgroups G, H,, . . . . H,. Let g denote a generator of G 
and let hi denote a generator of Hi for i = 1, . . . . m. Let s and t be two square 
free integers so that the primes dividing q - 1 are exactly the primes 
dividing st. Take c( = g and /I = g”ht’h:* . . . . hk,m. Then 
urps = gr+Skh:IS . . . hkm’. 
So cl’fi’ is primitive if (t + sk, q - 1) = 1 and (kis, p) = 1 for some i 
between 1 and m. Thus we have (q - 1) qi(t)/t choices for k and 
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(p”+‘)“- [P”~~-&I”~‘)]~ choices for (k,, . . ..k.). Therefore, c(‘pS is 
primitive at least (q - l)*q”- ld(t)/tq times as /I runs over the group U. 
Since f(x) is square-free, j(f(c~‘x’) - yC is absolutely irreducible over the 
field GF(q). Thus the number m of solutions in GF(q) x GF(q) to the equa- 
tion f(~‘x’) = y’ satisfies the inequality 
&q-(c-l)(sd-1)J;f [4, pp. 33@331]. 
Now, since f(x) #O for all x in GF(q), D,,[f(cr’x”)- y”](a, b)= 
-&f- 1 #O for each solution (a, b) in GF(q) x GF(q). Hence, by Lemma 1, 
the number N of solutions in GR(p”, WI) x GR( p”, m) to the equation 
f(a’x”) = y” satisfies the inequality 
N> (q- (c- l)(sd- 1) &q”--‘. 
Further, since b f 0 (mod p), there are at most c distinct solutions with 
the same value a. So the number of distinct values x so that (x, y) in 
GR( p”, m) x GR( p”, m 
$ 
is a solution of j(fxfxs) = y’ is at least 
(q - (c - l)(sd- 1) q) q”- l/c. Therefore, the proof of the theorem will be 
completed if we can show that 
or 
where 0 < (c - 1 )q/c(q - 1) < 1. But this is a direct application of Lemma 2, 
which completes the proof. 
Madden has another result in his paper: 
LEMMA 4. If k is any fixed natural number, then for almost all finite 
fields GF(q), every square-free polynomial of degree k or less with coef- 
ficients in GF(q) represents a primitive element of GF(q). 
Proof: See [S, p. 5131. 
Our technique to prove Theorem 3 will not work to generalize Lemma 4. 
However, we can use Lemma 1 and the lemma to prove a generalization 
for a special case. 
LEMMA 5. Suppose that B E GR(p”, m) such that p is a primitive element 
in GF( p”). Then either /? or b + p is a primitive element in GR( p”, m). 
641/41/z-4 
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Proof. This proof generalizes a standard proof from elementary 
number theory for the case nz = 1; see, e.g., [3, p. 801. Recall that 
GR( p’*, m z Z[X]/( p”, ,f) where .f is a manic and irreducible mod p; also 
GF(p”)r Z[X]/(p,f). Suppose B(X)eZ[X] such that b is the image of 
p(X) in GR( p”, m) and B, the image of /I(X) in GF( p”), is a primitive 
element in the field. As usual, let q = p”‘. 
Case 1. Suppose that fi(X)y ’ = 1 + pp(X) where p(X) $ (p, f). Assume 
that, for some positive integer k, (/II(X)~~‘)~~-’ = 1 + pkpk(X), where 
pktx) $ (P, f). Then 
(p(x)‘- I)” = (1 + pk/‘k(x))p 
pkpktX) + “’ + (pkpk(X))P 
=l+p k+ ‘{,&f) + p[-1 ), 
so 
(~(X)Y-‘)pk=l+pk+l~k+‘(X)r where ~k+‘(X)$(~,f). (1) 
By induction, (1) holds for any k. So fl(X)(y ~ ‘jpk = 1 (mod( p”, f)) if and 
only if (n - 1) 1 k; i.e., fl is a primitive element for GR( p”, m). 
Case 2. Suppose that p(X)yP ’ = 1 + p%(X). Then 
(fi(x)+p)“P’=p(x)~P’+(q- 1)(~(x)~~2)p+p2c...l 
= 1 +(q- l)pj?(X)y-2+p2[r(X)+...] 
= 1 + P/w), AX) # (P> f), 
so, as above, j + p is a primitive element for GR( p”, m). 
THEOREM 6. For all but finitely many Galois rings GR(p”, m), the 
following statement holds: if f( ) . x IS a nonconstant polynomial with coef- 
ficients in GR(p”, m) so that f(x) is square-free and the derivative f’(x) is 
never zero, then there exists an element c( E GR(p”, m) such that f(a) is a 
primitive element in GR( p”, m). 
Proof: By Lemma 4, for all but finitely many finite fields GF( p”), there 
is an element a E GF( p”) such that f(a) = b is a primitive element in the 
field. Let F(x, y) = f(x) - y. Then by Lemma 1, there are permutations 
J I) . . . . J,- I of GF(p”) so that the set of solutions (A, B) E GR(p”, m) x 
GR(p”, m) to F(A, B) = 0 is given by 
{(a,b)+(w,, Jl(w,))p+ ... +(w,p,,Jnm ,(w,,~‘))pII-‘:wi~GF(p~)}. 
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Let /I E GR(p”, m) such that /?= b. By Lemma 5, either p or /II + p is a 
primitive element, so we choose W, so that J,(w,) = 0 or J,(w,) = 1, respec- 
tively, and wi so that Ji(wi) = 0 for i = 2, . . . . n - 1. 
Though the extra condition that f’(x) can never vanish is restrictive, it 
has been shown to hold, e.g., for the Dickson polynomial g(x, a) of degree 
d for all a # 0 as long as (d, q2 - 1 f = (d, p) = 1 [27. 
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